ABSTRACT: A method is presented that allows fatigue life predictions on the basis of creep life data. The approach is based on the assumption that the time-dependent failure of polymers is determined by the intrinsic strain softening that is initiated when a critical threshold value of the plastic strain is surpassed. To facilitate fatigue predictions, an acceleration factor is defined that indicates how much faster plastic strain is accumulated by a cyclic signal compared to its static mean stress. Analytical solutions of the acceleration factor are presented for triangular and square waves, which predict that only the stress amplitude of the cyclic signal and the material's stress dependency affect fatigue life, whereas frequency plays no role. Verification using several glassy and semicrystalline polymers demonstrates that this method yields accurate quantitative lifetime predictions not only for polymers that exhibit ductile failure but also for those that display brittle fracture, provided that fracture is preceded by (localized) plastic flow.
I. Introduction
Constitutive equations have proven to be effective in describing large strain deformation of polymers. [1] [2] [3] [4] [5] Their significance was demonstrated by numerical studies that showed that polymer failure (e.g., via shear banding, necking, or crazing) is related to the polymer's intrinsic deformation behavior. [5] [6] [7] [8] [9] The true stress response (Figure 1a ) is captured in constant strain rate tests in (uniaxial) compression, where localization phenomena are absent. The intrinsic deformation is initially (visco)elastic up to the yield point, followed by plastic deformation that shows strain softening and strain hardening. In tensile loading, intrinsic strain softening initiates strain localization, which rapidly develops until it is eventually stabilized by strain hardening. 7, 8, 10 From simulations it became evident that macroscopic ductile or brittle failure is controlled by the precise interplay between strain softening and strain hardening. 9, 11 In addition to predicting the response in short-term testing, the constitutive models were successfully employed to predict the polymer's lifetime under constant stress 12 and cyclic stress. 13 A justification is given in Figure 1b that shows the material's response for a constant true stress in compression, which illustrates that intrinsic deformation (strain softening followed by strain hardening) also plays a key role in the long-term failure of polymers. 12 After a load is applied in a constant-stress experiment, the polymer deforms at a constant strain rate until strain softening accelerates plastic deformation, upon which a plastic instability is formed that is stabilized by strain hardening with ongoing deformation. Since intrinsic strain softening plays a key role in the onset of polymer failure, Klompen et al. 14 incorporated an accurate description thereof in a pressuremodified Eyring equation. Since strain softening is independent of thermal history and temperature, it apparently always sets in at the same value of equivalent plastic strain: a critical plastic strain further referred to as cr .
On the basis of these considerations, we hypothesize that the lifetime t fail of a polymer under static or dynamic loading is only determined by a critical strain at which softening occurs, cr , and the rate of accumulation of plastic strain ˙p l (σ):
When an Eyring-type equation is used to describe plastic flow under static loading, the time-to-failure equals
Experimental observations by Crissmann and McKenna 15, 16 confirm our hypothesis and relations comparable to eq 2 have been successfully applied to describe the time-dependent failure of different polymers subjected to dead weight loading. [17] [18] [19] [20] [21] [22] Here it should be stressed that the physical interpretation of these models to describe failure is not always identical and we can distinguish (i) breakage of primary bonds and (ii) conformational changes/disruption of secondary (intermolecular) bonds. On the basis of these approaches, methods were proposed to allow fatigue life estimations based on (experimental) creep data by using a cumulative damage law. 18, 23, 24 Rather remarkable is that these methods predict a frequency-independent time-to-failure.
In this work we present an analytical method that is able to perform quantitative fatigue life predictions from a set of creep life data. This method predicts the initiation of crack growth, which is known to cover the majority (g95%) of the total fatigue life. 25 It is in a manner similar to the cumulative damage law approaches mentioned. 18, 23, 24 However, our approach is based on the hypothesis that strain softening causes polymer failure and that it occurs when a critical value of plastic strain has developed (see Figure 1b) . First, an analysis is presented that elaborates upon this hypothesis. It is based on the method developed to perform lifetime predictions under cyclic loading conditions and more specifically on how this method can be employed to grasp the influence of testing parameters like frequency, wave form, and stress amplitude. Subsequently, an attempt is made to characterize the relevant parameters for four different polymers. Equation 2 implies that stress-dependent creep (life) is governed by the same process as rate-dependent yielding. This is confirmed for polycarbonate (PC) by experimental results of Klompen et al. 12 (see Figure 2 ) and by findings of Bauwens-Crowet et al. 22 The model developed is verified in fatigue experiments on all four polymers used, which encompass two glassy polymers that fail either ductile or brittle, and two semicrystalline polymers that display ductile failure.
II. Experimental Section
A. Materials. The materials used are polycarbonate (PC) (Lexan 161R, GE Plastics), poly(methyl methacrylate) (PMMA) (Plexiglas V826, Röhm GmbH), high-density polyethylene (HDPE) (Stamylan HD9089, DSM), and an isotactic polypropylene (iPP) (Stamylan P13e10, DSM). Granules of these materials were injection-molded into tensile bars: PC, PMMA, and iPP were 3.2 mm thick and satisfied the ASTM-D638 norm, while the geometry of the 4 mm thick HDPE bars was according to ISO-527. To mitigate stress accelerated physical aging during testing, 14 the PC samples were annealed for 72 h at 120°C.
B. Mechanical Testing. All mechanical tests were performed on a servo-hydraulic MTS Testing System 810 in a temperature chamber at 20°C. Prior to testing, the samples were allowed to acclimatize for at least 15 min. Tensile tests were performed at constant linear strain rates in a range from 10 -4 to 10 -2 s -1 . Creep and fatigue tests were conducted under load control. Per series of tests, typically the stress amplitude of the signal was kept constant, whereas the mean stress was varied. Various stress signals were applied: square-, triangular-, and sinusoidal-shaped signals and arbitrary signals consisting of combinations of these wave forms. The frequencies applied fell within the range of 1-10 Hz. At least two experiments were performed per test condition.
III. An Analysis to the Time-Dependent Fatigue Failure
Outside the laboratory environment, complex geometries, nonisothermal conditions, and possibly physical aging or secondary crystallization complicate predictions on deformation and failure of polymers. Therefore, models that describe the rate of accumulation of plastic strain necessarily must be more complex than the one used in eq 2. An onset for such a formulation was already successfully derived in models that describe the plastic flow of polymers [12] [13] [14] and reads
The temperature and stress dependence is captured in part I, where τ j is the equivalent stress, γ 0 a constant, ∆U the activation energy, V* the activation volume, R the universal gas constant, k Boltzmann's constant, and T the absolute temperature. Part II covers the effect of the loading geometry, with µ the pressure dependency and p the hydrostatic pressure. The effect of physical aging is dealt with in part III, where the state parameter S describes the softening behavior that depends on the thermomechanical history and aging, also during the experiment. 14 The analysis presented here is restricted to uniaxial tensile loading under isothermal conditions, without the presence of physical aging during loading, which reduces eq 3 to
with ˙0 a rate constant, σ(t) the stress signal applied, and σ 0 a characteristic stress. Note that
The analysis starts from the hypothesis that strain softening initiates fatigue failure and occurs at the moment that a critical value of plastic strain, cr , has accumulated. As a consequence, the rate at which plastic strain accumulates, ˙p l , is the decisive factor in determining the time-to-failure, t fail , of polymers:
In the case of constant stress loading, eq 7reduces to an expression for the time-to-failure given by
This equation shows that, besides the stress applied, only three material parameters affect the lifetime under a static stress: a rate constant ˙0, a characteristic stress σ 0 , and the critical value of plastic strain at which softening of the material starts cr . The first two parameters are obtained from the strain rate dependence of the yield stress using eq 5, as shown for PC in Figure 2a , where the slope of the curve is equal to ln(10) σ 0 . The latter parameter is obtained from creep life data, as shown for PC in Figure 2b , using eq 8. In arbitrary 3D loading situations, a similar result can be obtained by defining a critical equivalent plastic strain γ j cr and describing the plastic flow in equivalent terms (see eq 3).
For materials that fail brittle, usually fracture occurs prior to reaching the macroscopic yield stress in tensile tests 31 and, as a result, the parameters ˙0 and σ 0 cannot be derived from yield stress data. Rewriting eq 8
where
solves the problem, since the parameter σ 0 (also) represents the stress dependence of the time-to-failure under static loading, 12, 22 as shown in Figure 2b . Both unknowns, t 0 and σ 0 , can be derived from creep life data only. It is underlined though that when possible it is preferred to determine the parameters ˙0 and cr rather than t 0 , since they can be translated to perform lifetime predictions in arbitrary 3D loading geometries. The effect of the type of cyclic stress signal used on timeto-failure is analyzed by comparing its influence on the rate of accumulation of plastic strain to that of its (static) mean stress, applying eq 5 using first a triangular wave form as an example (see Figure 3a) . Figure 3b shows that more plastic strain is accumulated in cyclic loading; thus, a cyclic stress accelerates the accumulation of plastic strain in comparison to its static mean stress by an acceleration factor a cyclic :
Provided that the critical plastic strain at which failure occurs, cr , is identical under static and cyclic loading, we can write, using eq 8: (12) or with only creep data available, using eq 9:
The acceleration factor can be obtained for any dynamic signal by solving the integrals in eq 11. Analytical solutions are presented for a triangular wave (see Figure 4a and the Appendix):
and a square wave (see Figure 4b and the Appendix):
Strikingly, for a given wave form only one parameter accelerates the rate of accumulation of plastic strain with respect to the mean stress of the signal: the ratio of the testing parameter σ ampl and the material parameter σ 0 . In addition, frequency has no effect on the fatigue lifetime, which is in agreement with other fatigue analyses. 18, 23, 24 Figure 5a elucidates the method to perform cyclic fatigue life predictions by shifting a set of creep life data along the time axis. The magnitude of the horizontal shift a cyclic depends on the ratio of the stress amplitude σ ampl applied, the material's stress dependence σ 0 , and the wave form applied only.
Using the value of σ 0 from ref 14, the acceleration factors of a square, triangular, and sine wave (the last one obtained via numerical integration) are calculated for PC and plotted as a function of amplitude in Figure 5b . A square wave has the largest acceleration factor, developing more plastic strain during a cycle than a sine wave and a triangular wave with the same stress amplitude. This is in line with eq 5 which indicates an exponential increase of plastic flow rate with increasing stress as well as with experimental findings. [26] [27] [28] To illustrate the influence of the stress amplitude and the wave form on timedependent failure, cyclic fatigue life predictions are performed on the basis of lifetime data of annealed PC samples under static loading from ref 12, using a cyclic from Figure 5b and eq 13. Figure 6a shows the decrease in fatigue life with increasing amplitude, and Figure 6b shows the influence of the wave forms.
IV. Fatigue Failure: Materials Characterization
The analytical considerations presented in the previous section revealed that only three material parameters are required to describe the creep life of polymers: a rate constant ˙0, a characteristic stress σ 0 , and the critical value of plastic strain at which softening of the material is initiated cr . In this section, an attempt is made to obtain these parameters for four polymers differing in macroscopic ductility and crystallinity: PC, HDPE, iPP, and PMMA. Figure 7a shows the yield stress vs the strain rate of PC obtained by tensile testing (symbols). The solid line is the Eyring flow equation fit, eq 5, yielding values of ˙0 ) 1.2 × 10 -29 s -1 and σ 0 ) 1.19 MPa. Figure 7b shows the lifetime of PC when subjected to a constant (tensile) stress, defining time-to-failure as the moment of neck formation. The value cr ) 0.007 is found by fitting eq 8 to these data using ˙0 and σ 0 just obtained. Figure 8a displays the creep life data of PMMA, which is, in contrast to PC, a polymer glass that fractures at failure. In this specific case the samples only displayed a yield stress at strain rates below 10 -4 s -1 . In all creep tests the PMMA samples remain optically flawless (no visible crazing) until they fracture, and only a single fatal crack is found with no significant plastic strain localization visual around the point of failure. To demonstrate that, despite the brittle fracture observed in PMMA, failure is also in this case preceded by bulk plastic deformation, we use the creep data to construct constructed a so-called Sherby-Dorn plot 57 (see Figure 8b) , in which the logarithm of the creep rate is plotted as a function of creep strain. For all stress levels an initial decrease of the creep rate with deformation is found; this is the so-called primary creep stage. Subsequently, the creep rate reaches a minimum, commonly referred to as the plateau creep rate representing the secondary creep stage of plastic flow. Similar to the completely ductile materials, the resulting flow rate strongly depends on applied stress. Finally, as a result of intrinsic and geometric softening, the strain rate increases again (tertiary creep) until failure occurs. For all loads studied, the PMMA samples reached the plastic flow stage before fracture occurs. To characterize the stress dependence of plastic flow, the plateau creep rate (minimum rate in static loading) is plotted versus the applied stress in Figure 9 . This wave form (square, sinusoidal, and triangular) on the fatigue life using eq 13. The parameters set used is that of PC taken from ref 14. plot, which is equivalent to a plot of yield stress versus strain rate, 58 shows a change in slope within the range of loads applied, revealing the thermorheologically complex behavior of PMMA, which is notably reflected in a change in the slope of the strain rate dependence of the yield stress. 29 This complex behavior can be accurately described using the Ree-Eyring approximation, 30 where it is assumed that two stress-activated processes act in parallel. At low rates we only find main-chain segmental motion, the R-process, and at high rates, the secondary glass transition originating from either a side-group motion or partial mobility of the main chain, the -process. At low strain rates (relevant for this study) the -process does not contribute, and we therefore only derived the Eyring flow parameters of the primary R-process, represented by the solid lines in both Figures 8a and Figure 9 . Both are described well by the values of σ 0 ) 3.65 MPa, ˙0 ) 4 × 10 -12 s -1 , and cr ) 0.065. Now we turn to semicrystalline polymers. Given the same slopes, be it with opposite sign in Figures 7a,b and 8a ,b, experimental proof exists that σ 0 determines the rate dependence of the yield stress as well as the stress dependence of the creep life, in accordance with eq 8. This result is now verified for semicrystalline polymers that also fail ductile by neck formation: HDPE and iPP. Figure 10a shows the yield stress in tension vs the strain rate for HDPE and iPP, while in Figure 10b the timeto-failure as a function of the applied tensile stress is plotted. The range of the scales on the axes is identical in both graphs and a line is fitted through the experimental data using eqs 5 and 8. In correspondence with the results obtained for PC, the slope of the solid lines is the same in both plots for both HPDE and iPP. The values derived for ˙0, σ 0 , and cr are tabulated in Table 1 .
V. Fatigue Failure: Validation
A. Effect of Stress Amplitude. To validate the applicability of the acceleration factor as a method to predict the fatigue life, experiments were carried out with various stress amplitudes, wave forms, and frequencies. First, the effect of amplitude is investigated by subjecting the polymers to a triangular wave with an amplitude of 5 or 10 MPa at a frequency of 1 Hz, selected to minimize the effect of dissipative heating.
The symbols in Figure 11a denote the lifetime of PC subjected to static (creep) and cyclic stress. Clearly, the lifetime decreases significantly with increasing stress amplitude. Lifetime predictions are performed with eq 12, using the acceleration factor of a triangular wave (eq 14) and the parameter values for PC given in Table 1 . The predictions (dashed lines) show a clear overlap with experiments in the high stress range, demonstrating that the approach employed is effective. The mismatch at lower stresses is most likely related to physical aging that is known Table 1. to have a prolonging effect on the lifetime of PC 12,13 accompanied by an increase in yield stress. 13, 14 This is completely in line with studies that reported effects of physical aging during fatigue loading of glassy polymers. [32] [33] [34] [35] [36] [37] Apparently, the annealing procedure to mitigate physical aging was insufficient within the time range studied.
HDPE and iPP samples are tested to validate the applicability of the acceleration factor to semicrystalline polymers. Again, eq 12 is used to predict the time-to-failure, since both materials fail by neck formation. The results in Figures 11b and 12a show that accurate predictions are acquired over a wide range of (mean) stresses for the signal with an amplitude of 5 MPa, whereas for 10 MPa, adequate predictions are obtained only in the high mean stress range. With decreasing stress, a similar divergence between prediction and experiment is observed as for PC, possibly related to time-dependent microstructural changes due to physical aging. [38] [39] [40] Since for PC this deviation was accompanied by an increase in yield stress, 13 an examination is performed on the evolution of the yield stress of HDPE during fatigue loading by loading.
Samples are loaded at a mean stress of 12 MPa and an amplitude of 10 MPa for 10 2 , 10 3 , and 10 4 s, which is below the time-to-failure observed (∼2 × 10 4 s). Subsequently, a tensile test is performed on the samples at a strain rate of 10 -3 s -1 . The results in Figure 12b show a significant increase in yield stress with prolonged fatigue loading. Though an investigation to the precise underlying (microstructural) mechanisms lies beyond the scope of this work, the results are in full agreement with observations that suggest fatigue induced (microstructural) changes in heterogeneous polymer systems. [41] [42] [43] [44] [45] [46] B. Effect of Wave Form. PMMA samples are subjected to a triangular wave and a square wave with an amplitude of 10 MPa at a frequency of 1 Hz to investigate whether the acceleration factor covers the effect of wave form. Fatigue life predictions are performed according to eq 12, using eqs 14 and 15 to determine the value of both acceleration factors together with the values of σ 0 , ˙0, and cr for PMMA as provided in Table 1 . Figure 13 shows that the method provides quantitative and accurate time-to-failure predictions for both wave forms. It can also be seen that the lifetime is lower under a square wave than under a triangular wave, which is in line with the analysis. Moreover, the observed failure is brittle fracture, and therefore the results support the hypothesis that the lifetime of materials that fail brittle as well as of those that fail ductile (PC, HDPE, iPP) is governed by intrinsic strain softening, as long as failure is dominated by localized plastic flow.
More complex wave forms are applied to iPP and are composed of a 1 Hz square wave with an amplitude of 3 MPa and a 1 Hz triangular wave with an amplitude of 5 MPa (see Figure 14a ). Also for these complex wave forms the lifetime predictions as obtained by eq 12 agree precisely with experiments (see Figure 14b) . The acceleration factor of signals composed of different subsequent contributions, like the SAT signal (square after triangular wave) in Figure 14a , are given by
with n the number of signals, t i the cycle time of the ith signal, t cycle the cycle time of the total signal, and a i the acceleration factor of each signal. In this case, the acceleration factor of the individual signals can be obtained analytically. Also the SMT and SPT signals (square minus triangular and square plus triangular, respectively; see Figure 14a ) yield analytical solutions for the acceleration factor:
To challenge the performance of our method even further, the complexity of the wave form applied is increased by combining a 4 Hz sinusoidal shaped wave with an amplitude of 3 MPa, a 1 Hz square wave with an amplitude of 2 MPa, and a 3 Hz triangular wave with an amplitude of 5 MPa either positioned consecutively, referred to as the SST signal (sinusoidal, square, triangular), or merged into one signal, referred to as the random signal (see Figure 15a) . The sinusoidal-shaped wave in these signals requires numerical integration of eq 11 to obtain the correct acceleration factor. Figure 15b indicates that all predictions accurately cover the experiments, and it is evident that the concept of an acceleration factor could be effective for any repeating dynamic signal.
C. Effect of Frequency.
A remarkable outcome of the analysis is that the frequency applied does not affect the fatigue life under isothermal conditions. This is experimentally checked on iPP using a triangular-shaped stress signal with an amplitude of 5 or 10 MPa. In Figure 11b it was shown that the fatigue life predictions for iPP were accurate, and these experimental results at 1 Hz are combined with data obtained at frequencies of 2, 5, and 10 Hz in Figure 16a . Regarding the samples fatigued at an amplitude of 5 MPa, the applied frequency indeed has no influence on the fatigue life, despite an order of magnitude difference in frequency, which is in full accordance with data from literature in this frequency range. 27, 47 However, fatigue life data obtained at frequencies below this range indicate an effect of frequency. 24, 27 The frequency applied also appears to have an effect on the time-to-failure of the signal with a stress amplitude of 10 MPa, in particular at higher frequencies (see Figure 16a ). It is well-established that polymers dissipate a substantial amount of energy at high stress [48] [49] [50] [51] [52] [53] and high frequency, [53] [54] [55] [56] which causes substantial heating of the sample as also demonstrated in ref 13 . For that reason, a frequency dependence may be anticipated at higher amplitudes, where hysteretic heating is more likely to occur. Nonetheless, the experimental results endorse that failure of polymers is independent of frequency, provided that isothermal conditions prevail. Figure 16b plots the fatigue life of the samples subjected to an amplitude of 5 MPa in cycles-to-failure instead of timeto-failure. Also, this plot indicates a direct relation between the number of cycles-to-failure and frequency, but since it is proven that polymer fatigue failure is independent of frequency, it is demonstrated that the time-to-failure rather than cycles-to-failure must be used to analyze fatigue life data in the most simple and effective way.
VI. Conclusions
A method is proposed to predict the time-dependent failure of polymers. It assumes that polymer failure is governed by the onset of intrinsic strain softening, which is triggered when a critical value of the plastic strain cr is reached. This indicates that polymer lifetime depends mainly on the rate by which plastic strain is accumulated, which can be expressed by an Eyring flow equation that requires two parameters, besides the applied stress σ: a rate constant ˙0 and the stress dependency σ 0 . Tensile and creep experiments were performed on four different polymers (PC, PMMA, HDPE, and iPP) to obtain the relevant parameters, and it is proven that they accurately describe the lifetime of these polymers under static (creep) loading.
An acceleration factor that relates the plastic strain developed during a cycle of a repeating dynamic signal to that of its (static) mean stress has been defined to capture the effect of cyclic fatigue on the time-dependent failure of polymers. This acceleration factor is a measure of how much faster plastic strain is accumulated compared to its static mean stress, and it can thus be employed to perform fatigue life predictions (see eqs 12 and 13). Analytical solutions are presented for a square and triangular wave, which suggest that under isothermal conditions only the ratio of two parameters influences the fatigue life of polymers: the stress amplitude σ ampl and the material's stress dependence σ 0 . Strikingly, frequency plays no role. An analysis of the influence of independent fatigue testing parameters, such as stress amplitude, wave form, and frequency, indicated that a square wave has a higher acceleration of plastic flow (in comparison to the mean stress) than a sinusoidal or triangular wave. It is proven that the method proposed yields accurate quantitative lifetime predictions. This has been validated on all polymers used in this study. Moreover, fatigue testing on iPP indeed indicates that the frequency applied has no effect on the time-to-failure, provided that isothermal conditions prevail.
Besides the hysteretic heating effects observed for iPP at high amplitudes and frequencies, the analysis does not account yet for physical aging during the experiment, which causes a divergence between the predicted and experimentally obtained lifetime of PC at lower stresses (longer times). Remarkably, similar effects are perceived for the semicrystalline polymers HDPE and iPP, and moreover, it was proven that the yield stress of HDPE increases during fatigue loading, analogous to physical aging of PC. However, an explanation for these observations is beyond the scope of this work.
We believe that we have proven that the lifetime of polymers under static or dynamic loading is determined by the timedependent accumulation of plastic strain and that failure takes place at the moment a critical value of plastic strain is surpassed that initiates strain softening. Accurate lifetime estimations were obtained by an analysis based on these assumptions.
The plastic strain accumulated during a cycle can be determined by integration of the Eyring flow equation, which relates the stress σ to the plastic strain rate ˙p l . Under uniaxial, isothermal conditions and at large stresses, this equation is given by
where σ is the uniaxial stress, σ 0 is a characteristic stress, and ˙0 equals ˘0 ) ˘0 / exp ( -∆U RT ) (21) with ˙0 / a constant, ∆U the activation energy, R the gas constant, and T the absolute temperature.
To calculate the total accumulated plastic strain per cycle of a triangular wave ∆ pl,cyclic , the stress signal is divided into three parts: 22) where f is the frequency, σ mean is the mean stress, σ ampl is the stress amplitude, and t is the elapsed time. For each part, the accumulated plastic strain can be determined by integration of eq 20: (25) The sum of these three parts gives the total amount of plastic strain accumulated during a single cycle of a triangular wave: (26) Now, the plastic strain that is accumulated during one cycle of a triangular stress signal can be compared to the plastic strain developed by its static mean stress, using f ) 1/t cycle . This gives the acceleration factor of a triangular wave: (28) where f is the frequency, σ mean is the mean stress, and σ ampl is the stress amplitude. For each part, the accumulated plastic strain can be determined by integration of eq 20: The sum of these two parts gives the total amount of plastic strain accumulated during a single cycle of a square wave:
Now, the plastic strain that is accumulated during one cycle of a square stress signal can be compared to the plastic strain developed by its static mean stress, using f ) 1/t cycle . This gives the acceleration factor of a square wave: 
